Charged black strings in 5D Kaluza-Klein spacetime 
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Abstract. We present a short review on the electric and magnetic black strings in 5D 
spacetime with one compact dimension. Linear static perturbations of these objects indicate 
presence of the threshold unstable mode. Analysis of the mode shows that the electric black 
string is less stable than a neutral one. The situation is opposite for the magnetic black string. 

1. Introduction 

In attempts to resolve the hierarchy problem existence of large extra spatial dimensions was 
t^J- | proposed in the modern theoretical models pQ, [2]. Existence of large compact extra dimensions 

opens an interesting possibility of mini black holes production in the future LHC experiments 
(see e.g. [3], [I], [5]). In addition, in spacetimes with large compact extra dimensions a large 
variety of topologically different black objects may exists: black holes, black rings, black branes, 
black strings, etc. (see e.g. [6]). Study of such objects, especially topological phase transitions 
Q ! between them, is a subject of high interest. 

In this paper we study static electric and magnetic black strings in 5D spacetime with one 
large compact dimension. Horizon surface topology of such black strings is S 2 x S 1 , which is 
different from the spherical topology <S 3 of a 5D localized black hole. Such black strings and black 
holes are considered to be different topological phases in a topological phase transition diagram. 
Topological phase transitions are closely related to thermodynamic phase transitions of black 
objects, which are thermodynamic systems. Black objects possess entropy (the Bekenstein- 
Hawking entropy which is proportional to a quarter of horizon surface area), temperature, 
and other thermodynamic characteristics. Entropy of a neutral 5D black string of mass M is 
Sbs M 2 , whereas entropy of a 5D localized black hole of the same mass is approximated^ by 
Sbh of M^^L 1 / 2 . Here, L is the asymptotic size of the compact dimension. Thus, if M > L, 
up to a constant factor, the black string entropy is larger than the black hole entropy. Hence, 
the black string topological phase is globally thermodynamically stable. However, for a larger 
size of the compact dimension, Sbh can be greater than Sbs- Thus, as it was suggested in 
|10j . the black string may be unstable under large wavelength gravitational perturbations. Such 
instability (the so-called Gregory-Laflamme instability) is a generic property of many black 
objects. It was studied for a dilaton black string with magnetic charge for boosted black 
strings [12], for magnetic black strings [13] . and for electric black strings in connection with 
bubble spacetimes [14]. Topological transition between black strings in 5D and 6D spacetimes, 
and the corresponding localized black holes was studied in [15]. For detailed reviews on the 
phase transitions between black strings and black holes see e.g. [6], [16j . 



Exact solution representing such black hole is not known. Analytical approximations are given in [7], [5], [9]. 



In this paper we present a short review on the Gregory-Laflamme instability of electric and 
magnetic 5D black strings based on results published in [13], [H], [17]. In section 2 we present 
the black string metrics and discuss their properties. Section 3 contains a review of numerical 
results of linear, static, gravitational perturbations of the strings and the topological phase 
transition diagrams. In section 4 we summarize our results. 



2. 5D charged black strings solutions 

Let us consider the following actional 



S = ^ £ dz J dx A ^ (r - ~F a pF a ^ , F aP = V a Ap - V pA a . (1) 



Here, Gr§\ is the 5D gravitational constant (5D and 4D gravitational constants are related as 
follows: G(5) = G(4)L), R is the 5D Ricci scalar, A a is the 5D electromagnetic vector potential. 
Here, and in what follows V a denotes a covariant derivative defined with respect to the 5D 
metric g a p. The corresponding Einstein-Maxwell equations obtained from the principle of least 
action are: 

R a p - \g*pR = l -T^ , T$™> = FJFfr - \g a pF j5 F^ 6 , VpF°0 = , V h F Q p } = 0. (2) 

The mass M of a 5D black object is defined by Komar's formula [18] 

1 3 f dx' y dx s dx x ,^ 
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where £° is the timelike Killing vector normalized at infinity as £ Q £ Q = —1. Here, e 01234 = +1, 
£01234 = g, and \a{3 ■■■"/\ = a<(3<---< r y means proper orientation. The electric charge Q, 
and the magnetic charge P are defined as follows: 

If dx' y dx s dx x „ f , „, * 

Q = -xf 7=^~ e h sx\ a pF^, P = -f dx a dx?F\ a p. (4) 

^ "'2(3) V 9 •'2(2) 
2.1. Electric black string 

Solution representing static, uniform electric black string is given by [2], [15], |17| : 



l2 r(r - w) Ii2 r + h , 2 r + /i , 2 , . . . 2 . WShfw + h) . . . . 

ds 2 = -y —^-dt H dr 2 + dz 2 + r(r + h)doo\ A a = -^- i— ^ * (5) 

(r + AiJ^ r — w r r + n ' 

where dw 2 = d6 2 + sin 2 Odcf) 2 , is the metric on a unit 2D round sphere, and the coordinate 
ranges are: t G ( — oo, oo) , z G [0,L), r G [0, oo) , # G [0, tt] , G [0, 27r). We denote 
(i, r, z,6,(p) = x 1 , x 2 , x 3 , a; 4 ). Using the definitions of mass ([3]) and electric charge @ we 
derive: 



1 777 17777777 , M w 



M = 6Tr(w + 2h), Q = AirLJ3h(w + h), w = — J M 2 - 3(Q/L) 2 , = — - -. (6) 

v D7T v 127T 2 

Thus, the electric charge is defined within the range : < \Q\ < ML/V3. Horizon of the black 
string is defined by r = w > 0. The spacetime ([5]) is singular at r = 0. Thus, the extremal black 
string horizon r = w = is singular. Calculating the energy-momentum tensor components in a 
local tetrad frame we derive the energy density p, and the principal pressures pi, (i = r, z, 9, cp): 
p = —p r = p z = pe = P(j) = 3h(w + h)[2r{r + /i) 3 ] -1 . Thus, all but p r principal pressures are 
positive. 



2 We shall use the following units convention: 16ttGu\ = c — h — ks = 1. 



2.2. Magnetic black string 

Solution representing static, uniform magnetic black string is given by [13], |17j : 



ds2 = _r_ — w 2 (r + ) 2 _J_ dz 2 + , + ^2^2 A = Jsh(w + h) cos 96 J. (7) 
r + h r(r-w) r + h K ' > « V v ' a \ i 

Using the definitions of mass (|3]) and magnetic charge ((!]) we derive: 

M = Q7T(w + h), P = ^^3h(w + h), w = ^_ ( M 2 - 3/4P 2 ) , h = ^. (8) 

The spacetime is singular at r = —h < 0, and can be analytically continued through r = 0. 
The black string horizon is defined by r = w > —h. To preserve the spacetime signature we 
define w > corresponding to < \P\ < 2M/y/3. The energy-momentum tensor components 
calculated in a local tetrad frame give: p = —p r = Pe = V<j> = ~Pz = 3h(w + h)[2(r + /i) 4 ]" 1 . 
Thus, in contrast to the electric black string p z principal pressure is negative. 



3. Static perturbations of the black strings 

We consider spherically symmetric gravitational perturbations of the black string spacetimes: 
9a/3 ~^ 9a/3 + h a p, where h a p <C 1. Fourier mode of a spherically symmetric wave propagating 
in z direction is h a g = Re(a fM ^(r)e~ lujt+lkz ). It is unstable if u> = iQ, and Q > 0. Time- 
independent (critical) mode $7 = defines the threshold mode of the Gregory-Laflamme 
instability. To find such mode we consider spherically symmetric, static perturbations: h a n = 
{hu^hrr^hrz^heQ^h^ = heo sin 2 8, h zz }. Analysis of the Einstein-Maxwell equations for the 
first order perturbations shows that induced electromagnetic perturbations decouple from the 
gravitational ones and can be neglected (for details see [13], [H], [H]). According to the 
numerical results the instability starts at the special value of the wave number k = k cr 
corresponding to the minimal wavelength X cr = 2ir/k cr . Modes with smaller values of wavelength 
are stable. Such behavior is analogous to the Jeans instability. If the asymptotic size of the extra 
compact dimension, L, is smaller than the minimal wave-length, A cr , then unstable modes can 
not be accommodated into the compact dimension, and the instability does not set in. However, 
if L > A cr , the black strings are unstable. Numerical analysis shows that for the electric black 
string the dimensionless wave number K cr := wk cr ~ 0.876 does not depend on the electric 
charge value, and equals to that of a neutral 5D black string. Setting L = X cr and defining the 
dimensionless mass \i = M/L and electric charge q = Q/L 2 we derive with the aid of (|6]) the 
following relation 



H = y9« 2 r + 3q 2 . (9) 

An analogical relation can be derived using the global thermodynamic stability argument. 
Assuming that another topological phase of the black string is a 5D electric localized black 
hole, we approximate the black hole entropy with the entropy of a 5D Reissner-Nordstrom black 
hole [18], and derive the micro-canonical critical curve Sbs = Sbh (for details see [17] ) 



^ = ^9/4 + 3^. (10) 

In the case of the magnetic black string K cr depends on the value of the magnetic charge. Defining 
the dimensionless magnetic charge p = P/L and using ([8]) we derive 

3K cr (m) 2K cr (m)\/3m h 

M = -j , P= — ; , m = ~r—- ( n ) 

1 — m 1 — m h + w 

The relations ([9]), ()10p and (jlip are illustrated in Figures 1 and 2. From Figure 1 we observe 
thermodynamic and dynamic correspondence for the electric black string. One may expect a 



decay of the unstable electric black string into the corresponding localized black hole. However, 
the question if such transition is possible remains open [19]. The situation is different for the 
magnetic black string. The magnetic charge P is related to 2-form F a a (see (jH), whereas 
magnetic charge of a 5D localized black hole, which is dual to the electrically charged one, is 
related to 3- form F a ^ which does not belong to our theory ([T]). Thus, the final state of the 
magnetic black string topological phase transition is not known. 




Figure 1. Curve (1) and curve (2) illustrate the 
relations Q and (fTUj) . respectively. They separate 
topological phases of the electric black string and 
the corresponding localized black hole. Line (3) 
defines the extremal black string: fi = q\^3. 



Figure 2. The relation (|lip is illustrated 
by curve (1), which separates topological 
phases of the magnetic black string and 
the corresponding localized black hole. 
Line (2) corresponds to p = 2^/\/3- 



4. Summary 

Our results show that the electric (magnetic) black string is less (more) stable than a neutral 
one. Thus, the electric charge tends to destabilize black string, whereas the magnetic charge 
makes it more stable. This can be deduced from the form of g zz components of the corresponding 
metrics. For the electric (magnetic) black string, near the horizon g zz > 1 (g zz < 1), that makes 
the proper length along the compact dimension greater (smaller) than L. Hence, the electric 
(magnetic) black string is less (more) stable. This result is related to the fact that the principal 
pressure p z is positive for the electric black string and negative for the magnetic black string. 
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